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Abstract

This paper analyzes finite state Markov Decision Processes (MDPs) with uncertain parameters in compact sets and re-examines
results from robust MDP via set-based fixed point theory. To this end, we generalize the Bellman and policy evaluation
operators to contracting operators on the value function space and denote them as value operators. We lift these value operators
to act on sets of value functions and denote them as set-based value operators. We prove that the set-based value operators are
contractions in the space of compact value function sets. Leveraging insights from set theory, we generalize the rectangularity
condition in classic robust MDP literature to a containment condition for all value operators, which is weaker and can be
applied to a larger set of parameter-uncertain MDPs and contracting operators in dynamic programming. We prove that
both the rectangularity condition and the containment condition sufficiently ensure that the set-based value operator’s fixed
point set contains its own extrema elements. For convex and compact sets of uncertain MDP parameters, we show equivalence
between the classic robust value function and the supremum of the fixed point set of the set-based Bellman operator. Under
dynamically changing MDP parameters in compact sets, we prove a set convergence result for value iteration, which otherwise
may not converge to a single value function. Finally, we derive novel guarantees for probabilistic path planning problems in
planet exploration and stratospheric station-keeping.
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1 Introduction interfering decision makers. This environmental non-
stationarity corresponds to uncertainty in the MDP
transition and cost parameters and differs from an
MDP’s internal stochasticity, which corresponds to sta-
tionary MDP transition and cost parameters and mod-
els the stochastic dynamics whose probability distribu-
tions do not change over time. Under environmental
non-stationarity, robust MDP, risk-sensitive reinforce-
ment learning, and zero-sum stochastic games derive
policies for the optimal worst-case performance—value
functions that result from adversarial selections of the
MDP parameters. A standard approach is to take an
appropriate Bellman operator-variant and solve for its
fixed point using a minmax formulation. By assuming
that the MDP parameters are chosen adversarially,
the worst-case approach is able to derive asymptotic
bounds of the value function trajectory affected by the

Markov decision process (MDP) is a versatile model for
decision making in stochastic environments and is widely
used in trajectory planning [1], robotics [22], and oper-
ations research [4]. Given state-action costs and transi-
tion probabilities, finding an optimal policy of the MDP
is equivalent to solving for the fixed point value function
of the corresponding Bellman operator. Known as dy-
namic programming approaches, the resulting solutions
extend to the dynamic-free setting via value-based rein-
forcement learning [20].

Many application settings of MDPs, including traffic
light control, motion planning, and dexterous manip-
ulation, deal with environmental non-stationarity—
dynamically changing MDP cost and transition prob-

abilities due to external factors or the presence of
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parameter non-stationarity.

Much of the robust MDP literature focuses on the
worst-case analysis of the MDP policy improvement and
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MDP policy evaluation problem under a rectangularity
assumption on a set of MDP parameters. Mathemat-
ically, these problems correspond to the Bellman and
policy evaluation operators. However, recent progress
in learning-based methods utilizes other contraction
operators such as Q-learning [23] and temporal differ-
ence [21]. In order to broaden the application of our
results, we ground our analysis in a more general class
of value operators, and ask the following question from
a less adversarial perspective: is it possible to charac-
terize the transient behavior of an MDP contraction
operator with dynamically changing parameters?

Contributions. For compact sets of finite state MDP
parameter uncertainties, we propose the set-extensions
of value operators: a general class of contraction opera-
tors that are order-preserving on the space of value func-
tions and Lipschitz in the space of MDP parameters. We
prove the existence of compact fized point sets of the set-
based value operators and show that the set-based value
iteration converges. In a non-stationary Markovian en-
vironment, standard value iteration may not converge.
However, we can show that the point-to-set distance of
the resulting value function trajectory to the fixed point
set always goes to zero in the limit. We derive a contain-
ment condition that is sufficient for the fixed point sets
to contain their own extremal elements. Within robust
MDPs, we show that the containment condition general-
izes the rectangularity condition, such that the optimal
worst-case policy, or the robust policy, exists when the
containment condition is satisfied. We then derive the
relationship between the fixed point sets of 1) the set-
based optimistic policy evaluation operator, 2) the set-
based robust policy evaluation operator, and 3) the set-
based Bellman operator. Given a value operator and a
compact MDP parameter uncertainty set, we present an
algorithm that computes the bounds of the correspond-
ing fixed point set and derive its convergence guaran-
tees. Finally, we apply our results to the wind-assisted
navigation of high altitude platform systems relevant to
space exploration [25] and show that our algorithms can
be used to derive policies with better guarantees.

Related research. MDP with parameter uncertainty is
well studied in robust control and reinforcement learn-
ing. In control theory, the worst-case cost-to-go with re-
spect to state-decoupled parameter uncertainties is de-
rived via a minmax variation of the Bellman operator
in [5,8,15,24]. The cost-to-go under parameter uncer-
tainty with coupling between states and time steps is
similarly bounded in [6,12]. The effect of statistical un-
certainty on the optimal cost-to-go is studied in [12, 15,
24,26]. Recently, MDP with parameter uncertainty has
gained traction in the reinforcement learning community
due to the presence of uncertainty in real world problems
such as traffic signal control and multi-agent coordina-
tion [9,10,16]. Most RL research extends the minmax
worst-case analysis to methods such as Q-learning and
SARSA. Recently, methods for value-based RL using

non-contracting operators have been investigated in [3].

As opposed to the worst-case approach to analyzing
MDPs under parameter uncertainty, we do not assume
adversarial MDP parameter selection. Instead, we derive
a set of cost-to-gos that is invariant with respect to com-
pact parameter uncertainty sets for order-preserving, a-
contracting operators, a class that the Bellman operator
belongs to. We continue from our previous work [11], in
which we analyzed the set-based Bellman operator for
cost uncertainty only.

Notation: A set of N elements is given by [N] =
{0,..., N — 1}. We denote the set of matrices of i rows
and j columns with real (non-negative) entries as R**J
(Rfj ), respectively. Matrices and some integers are
denoted by capital letters, X, while sets are denoted
by cursive typeset X'. The set of all compact subsets of
R< is denoted by K(R?). The column vector of ones of
size N € N is denoted by 15 = [1,...,1]T € RV*!. The
identity matrix of size S is denoted by Ig. The simplex
of dimension S is denoted by

As={peR*[1{p=1, p=0}. (1)

A vector h € R has equivalent notation (hy,...,hs),
where h, is the value of h in the s** coordinate, s € [S].
Throughout the paper, ||| denotes the infinity norm in
RS.

2 Discounted infinite-horizon MDP

A discounted infinite-horizon finite state MDP is given
by ([S],[A], P,C,v), where v € (0,1) is the discount
factor, [S] = {1,...,S} is the finite set of states and
[A] = {1,..., A} is the finite set of actions. Without
loss of generality, assume that each action is admissible
from each state s € [S].

MDP Costs. C € R%*4 is the matrix encoding the
MDP cost. Each Cy, € R is the cost of taking action
a € [A] from state s € [S]. We also denote the cost of
all actions at state s by ¢; = [Cs1,...,Csa] € RA, such
that C = [c1,...,cs]T.

MDP Transition Dynamics. The transition proba-
bilities when action a is taken from state s are given
by psa € Ag. Collectively, all possible transition prob-
abilities from state s € [S] are given by the matrix
Ps = [pst1,...,psa) € A4 = RS*4 and all possible tran-
sition probabilities in the MDP are given by the matrix
P =[Pi,...,Ps] € A4 < R9*54,

MDP Objective. We want to minimize the expected

cost-to-go, or the value vector V e R®, defined per
state as

V, = Es{z;’ioytcsmt | 0 = s} vselS], (2)



where E¢{-} is the expected value of the input with re-
spect to initial state s, and (st, a?) are the state and ac-
tion at time ¢. The value vector can be minimized by the
choice of actions a’ at every time step t:

‘/s* = minatE[A]

ES{Z?;O ’ytcs‘a" | 50 = S}, Vse [S]

3)

Remark 1 Although value function is the standard term
for the expected cost-to-go, we use value vector in this
paper to emphasize that the cost-to-go values of finite
MDPs belong in a finite dimensional space.

MDP Policy. We optimize the objective (3) via a pol-
icy, denoted as m = [r1,...,7s] € A%, where the a'"
element of w4 € A 4 is the conditional probability of ac-
tion a being chosen from state s. Under policy ms, the
expected immediate cost at s is given by ¢] 7, € R and
the expected transition probabilities from s is given by
Psﬂ's € As.

2.1 Value operators

Solving an MDP is equivalent to finding the value vec-
tor and the associated policy that minimizes the objec-
tive (3). Typical solution methods utilize order preserv-
ing [19, Def.3.1], a-contractive operators whose fixed
points are the optimal value vectors (e.g. Bellman oper-
ator [17, Thm.6.2.3], Q-value operator [13]).

Definition 2 (a-Contraction) Let (X,d) be a metric
space with metric d. The operator H : X — X is an «a-
contraction if and only if there exists a € [0,1) such that

dH(V),HV") <ad(V,V'), VYV, V'eX. (4)
Definition 3 (Order Preservation) Let (X, <) be an
ordered space with partial order <. The operator H :
X — X is order preserving if for all V,V' € X such that
V<V, HV)<HWV.

These operators are typically locally Lipschitz in MDP
parameter space.

Definition 4 (K (V)-Lipschitz) Let (X,dx) be a met-

ric space with metric dy and (), dy) be a metric space

with metric dy. The operator H : X x Y — X is K(V)-

Lipschitz with respect to M < Y if for allV € X, there

exists K(V) € Ry such that

A (F(V,m), H(V,m'))
()

Remark 5 The a-contraction property is a special in-
stance of Lipschitz continuity in which the input and out-
put spaces are identical and the Lipschitz constant is less
than 1.

< K(V)dy(m,m'), Ym,m' € M.

RS RS RS RS
Wy oy | [ M
Vs A iV . Bm) MmN nvemy)
V;t - }h(th) BV, m1)
(a) (®) (o)

Fig. 1. Hlustration of the three value operator properties. (a)
a-contraction on R, (b) Order preservation on R, and (c)
K (V)-Lipschitz in input space M.

To capture operators with these properties, we define a
value operator that takes inputs: value vector, MDP
cost, and MDP transition probability. The MDP cost
and transition probability are selected from an MDP
parameter set M.

Definition 6 (Value operator) Consider the opera-
tor h,

h:R¥x M—RY Mc R x AZA (6)
We say h (6) is a value operator on RS x M if

(1) For allm e M, h(-,m) is an a-contraction in RS.
(2) For allm e M, h(-,m) is order preserving in R®.
(3) For allV e RY, h(V,m) is K(V)-Lipschitz on M.

Remark 7 While we only consider wvalue operators
whose input’s first component is RS, Definition 6 and the
subsequent results can be extended to the space of Q-value
functions by swapping RS for R34 in Definition 6 [13].

An immediate consequence of the value operator h being
an a-contractive and order-preserving operator on R¥ is
that h is continuous on R x M.

Lemma 8 (Contlnulty) Ifh §6 zs a value operator on
RS x M, h is continuous on R

PROOF. Let (V,m) € R® x M and consider
a sequence {(Vi,mi)lren < R% x M that con-
verges to (V,m). It holds that ||h(Vi, my) — h(V,m)]]
< a(Veymi) = h(V,m)|| + [V, my) — R(V,m)|,
where from the a-contractive property of h(-,m"*
1h(Vie, mi) — R(V,my) || < aHVk — V|| From the K(

Lipschitz property of h(V,

);
)-

[V, mg) = BV, m)|| < K(V) [lmy, —m]|.

Asbothlimg_,o |V — V|| = 0and limg_, [|[mi — m| —

0, |h(Vi, mi) — h(V,m)|| — 0 and h is continuous. [

‘We make the following assumption on the MDP param-
eter set M with respect to h.



Assumption 9 (Containment condition) The
MDP parameter set M satisfies the containment condi-
tion with respect to h if M is compact and for allV € RS,

ﬂ argmin hs(V,m) # &, ﬂ argmax hs(V,m) # .

se[s] ™E se[s] MEM
(7)
my h(V,my)
® max hy(V,m)
| gt T YL TR
ms
% L

R2

R2
“max s (V, m)

M “meM

Fig. 2. We illustrate argmax,,,c », hs(V, m) for a value opera-
tor h when S = 2. Here, argmax,,,c x( h1(V, m) = {m2, ms},
argmax,,c o h2(V,m) = {mi,mz}. Therefore, my is the
common parameter that achieves maxmen hs(V,m) for all

s e [9].

Remark 10 Assumption 9 is an h-dependent condition
imposed on the structure of M, and is independent of
M’s convezity and connectivity.

2.2 Bellman and policy evaluation operators

Examples of value operators include the Bellman op-
erator and the policy evaluation operators when the
MDP cost and transition probability are input parame-
ters rather than fixed parameters.

Definition 11 (Policy evaluation operator) Given
a policy w € 1II, the wvector-valued operator g™ =
(9T, ..., g5) : RS x R9*A x AZ4 > RS is defined per
state as

.
G (V.C,P)i=clm, +5(Por,) Vi ¥se[s]. (8)

Given (C,P), g"(-,C, P) : RS — R is a vector-valued
operator whose fized point is the expected cost-to-go
of the MDP ([S],[A],C,P,~) under w, denoted as
V™ (C,P) [17, Thm.6.2.5].

V™(C,P)=g"(V™,C,P), V*(C,P)eR®. (9)

When the context is clear, we denote V™ (C,P) as V™.

Definition 12 (Bellman operator) The vector-
valued operator f = (f1,..., fs) : RS x R9*A x AEA —
R? is defined per each state as

fs(V,C, P) := 1nf 95 (V,C,P), Vsel[S].

Ts€EAA

(10)

The corresponding optimal policy 7 = (wf,...,m}) is
defined per state as w5 € argmin,_g7(V,C, P) (10) and
satisfies 1im% = 1 Vs € [S]. One such policy is defined
for all (s,a) € [S] x [A] by

>0 ace€argmin Cys, +vp.,V,
L el -
0 otherwise.

where argmin ¢ 4 (h) is the set of minimizing actions for
the function h. An optimal policy in the form (11) always
exists for a discounted infinite horizon MDP [17, Thm
6.2.10]. Given parameters (C,P), f(-,C,P) : RY
RS is a wector operator whose fized point is the opti-
mal cost-to-go for the MDP ([S],[A], P,C,~), denoted
as VB(C, P).
VB, P)

= f(vB c,P), VB(C,P)eR%. (12)

When the context is clear, we denote VB(C, P) as VB.
We show that both (8) and (10) are value operators.

Lemma 13 The Bellman operator (10) and the policy
evaluation operators (8) for allm € I are value operators
on R% x M where M < R4 x A4 (6).

PROOF. We show that both the Bellman operator f
and the policy evaluation operator g™ satisfy the contrac-
tive, order preserving and Lipschitz properties given in
Definition 6. Contraction: given (C, P) € M, g™ (-,C, P)
and f(-,C, P) are both ~y-contractions [17, Prop.6.2.4]
on the complete metric space (R, ||-||,), where v < 11is
the discount factor.

Order preservation: given (C,P) € M, the operator
g™ (-,C, P) is order preserving [17, Lem.6.1.2]. Con-
sider U,V € R¥ where U < V. If g™(-,C, P) is order-
preserving, ¢™(U,C,P) < ¢g™(V,C, P) for all = € II.
Taking the infimum over II, we have f(U,C,P) =
infren gﬂ(Ua Ca P) < infren gﬂ(vvv C, P) = f(va Ca P)

K (V)-Lipschitz: given (C, P), (C’, P') e Mand V € R,
let # (11) be the optimal policy for f(V,C’, P') and 7*
be the optimal policy for f(V,C, P).For s € [S], suppose
J(V.C'P) = [(V.C.P), then 0 < fi( .7 -
V.G P) < (&) ha—elmb b (PLA) TV oy

Since 7* is sub- optlmal for fv,C', P, we can upper
bound |£,(V,C", P') — f,(V.C, P)| < (c, — e;)Tm? +
Y[(P! — P,)7s*]TV. We conclude that

f(V.C' P
< [lek = esllo, (172~

fs(V.C, P)|

Pyl|, max{ 75|, 17510} V]|

(13)



Since 7}, 7ts € Aa, |7}, < 1and |74, < 1.Bysimilar
arguments, (13) is true if f(V,C’, P') < f,(V,C, P).
We can upper bound f(V,m) — f(V,m') = f — [’ as

1= 1, < maxtle =l + 21— 2TV
(14)
<max(1,w||V||oo)||m—m'||oo. (15)

The policy evaluation operator ¢” satisfies (13) if
max{ |7}, |7sll,} is replaced by ||ms|,. Since
l7sll, <1, g™ is K(V)-Lipschitz. [J

Remark 14 Beyond the policy evaluation operator and
the Bellman operator, many algorithms in reinforcement
learning can be reformulated using value operators. For
example, it’s not difficult to show that the Q-learning
operator [13] is a value operator on the vector space R4,

2.8 Containment-satisfying MDP parameter sets

Assumption 9 restricts the structure of M with respect
to the value operator h. Thus whether or not M satisfies
Assumption 9 must always be determined with respect
to the operator h. With respect to the Bellman opera-
tor f (10) and the policy evaluation operators g™ (8),
the following conditions in robust MDP are sufficient to
satisfy Assumption 9.

Definition 15 ((s, a)-rectangular sets [8,15]) The
uncertainty set M < R4 x AZ4 is (s, a)-rectangular if

M=
(s:0)e[S]x[A]
(16)

Intuitively, (s, a)-rectangularity implies that the MDP
parameter uncertainty is decoupled between each state-
action. A more general condition is if the parameter un-
certainty is decoupled between different states but not
between different actions within the same state.

Definition 16 (s-rectangular sets) The uncertainty
set M < RS*A x AgA s s-rectangular if

M= X Mg M,cRYX AL Vse[S].  (17)
se[S]

s-rectangularity generalizes (s,a)-rectangularity—i.e.
(s, a)-rectangularity implies s-rectangularity.

Example 17 (Wind uncertainty) Consider an
MDP in which the states correspond to geographical co-
ordinates, the actions correspond to navigation choices
(up, down, left, right), and the transition probabilities

>< Msa»MsaCRXASa V(S,G)E[S]X[A].

Fig. 3. MDP with parameter coupling in transition proba-
bility across different states.

correspond to the local wind patterns that vary between N
major wind trends over time per state. At state s € [S],
the transition probabilities of trend i € [N] are given
by Pt. If the wind pattern strictly switches between the
discrete wind trends, then the transition uncertainty at
state s € [S] is Py = {P}, ..., PN}. If the wind pattern
is a mizture of the discrete wind trends, the transition
uncertainty at state s € [S] is Py = {3, a; P! | a € Ap}.
Both wind patterns lead to s-rectangular uncertainty,
given by P = X se[S] Ps.

We show that the rectangularity conditions indeed are
sufficient for satisfying Assumption 9 with respect to

f (10) and g™ (8).

Proposition 18 If M is compact and s-rectangular
(Definition 16), M satisfies Assumption 9 with respect
to f (10) and g™ (8) for all w € II.

PROOF. We first show that M satisfies Assumption 9
with respect to the Bellman operator. Given s € [5],
fs(V,C, P) only depends on the s component of C' and P.
From Lemma 8, f5 is continuous in (cs, Ps). Let (%, PY)
be the solution to argmin(. p e, fs(V;C, P) for all
V s € [S]. If M, is compact, (cf, P}) € Ms. We can
construct C* = [¢],...,c5] and P* = [Pf,...,P5]. If
M is s-rectangular, then (C*, P*) € M and (C*, P*) €
argmin,, . v fs(V, C, P) for all s € [S]. We conclude that
M satisfies Assumption 9.

Given 7 € [T and s € [S], g7 only depends on ¢s and P; as
well. We can similarly show that there exists an optimal
parameter (C*, P*) € argmin o pyerq 95 (V, C, P) for all
s € [S] such that (C*,P*) e M. O

Beyond s-rectangularity, there are sets that satisfy As-
sumption 9 with respect to specific value operators.

Example 19 (Beyond rectangularity) In Figure 3,
we visualize a four state MDP with transition uncer-
tainty M parameterized by a. MDP states are the nodes
and MDP actions are the arrows. Actions that transition
to multiple states are visualized by multi-headed arrows.



Fach head has an associated tuple (csq,Psa,s’) denoting
its state-action cost and transition probability. All states
have a single action except for state s4, where two ac-
tions exist and are distinguished by different colors. Both
s and s3 are absorbing states with a unique action, such
that Vo = ﬁ and Vs = 0 for both f and g™ for allm e 11,

where 7y is the discount factor.

The states s; and s4 have transition uncertainty
parametrized by o € [0,1]. Therefore, M wviolates s-
rectangularity (Definition 16). The optimal cost-to-go
values Vi and Vi occur at different o’s. Therefore, M
violates Assumption 9 with respect to f. However, sup-
pose that at s4, we only consider policies that exclusively
choose the action colored green in Fig. 3. Then the ex-
pected cost-to-go at s4, Vi, is independent of a. The
minimum and mazimum values of Vi under m occur
at « = 1 and o = 0, respectively. Therefore, M sat-
isfies Assumption 9 with respect to operator g™ for all
T = [Tsy,...,7s,| where s, =[1,0].

3 Set-based value operators

Motivated by the uncertain MDP parameters encoun-
tered in robust MDP, stochastic games, and reinforce-
ment learning in uncertain environments, we now con-
sider value operators with respect to a compact set of
uncertain MDP parameters. To understand the effect of
both stationary and dynamic parameter uncertainty on
the value vector, we extend value operators to set-based
value operators, and prove the existence of fixed point
sets on the space of compact subsets of R¥.

To facilitate our set-based analysis, we first introduce
Hausdorff-type set distances.

Definition 20 (Point-to-set Distance) The dis-
tance between a value vector and a set V < R is given by

W — d(W,V) := inf |[W — V|| (18)
Vey

On the space of compact subsets of R, given by KC(R?),
the distance between value vector sets extends (18) and
is given by the Hausdorff distance [7].

Definition 21 (Set-to-set Distance) The Hausdorff
distance between two value vector sets V.2 )W < R is
given by

dic(V, W) := max {sup d(V,W), sup d(W, V)} . (19)
Vey Wew

We use (K(R®),dx) to denote the metric space formed
by the set of all compact subsets of R® under the Haus-

M
RS [ hVim) | | S

h(Vv ml)

h V, msa
h(V, mg
hV,my)

Fig. 4. Illustration of the set-based operator H (V) applied
to the singleton set V = {V} < RY, we compute h(V,m)
for every parameter m € M and collect the output h(V, m),
such that H(V) = Umemh(V,m).

dorff distance dx.. The induced Hausdorff space is com-
plete if and only if the original metric space is com-
plete [7, Thm 3.3]. Therefore, (IC(R®), dx) is a complete
metric space.

For a value operator h (6), we ask the following question:
what is the set of possible value vectors when the MDP
has parameter uncertainty given by M? To resolve this,
we define the set-based value operator H.

Definition 22 (Set-based Value Operator) The
set-valued operator H is induced by h on RS x M (6)
and is defined as

H(V) :={h(V,m) | (V,m)eV x M} < RS,  (20)
where V € R is a subset of the value vector space.

We denote the set-based value operator induced by
the Bellman operator (10) and policy evaluation oper-
ators (8) as F' and G7, respectively, such that for any
value vector set V < R,

FW):={f(V,C,P)| (V,C,P)eV x M}, (21)

G"(V):={¢"(V,C,P) | (V,C,P)eV x M}, Vrmell

(22)
The set-based Bellman operator F'is the union over all
the optimal value vectors, where the optimal policy that
corresponds to each f(V,C, P) € F(V) varies based on
(C, P). On the other hand, G is the union over all value
vectors that results from a constant 7 and all possible
(C, P) € M parameters.

We can ask the following question: is there a set of value
vectors that is invariant with respect to H? Similar to the
value operators h from Definition 6, we can affirmatively
answer this question by showing that H is a-contractive
on K(R?).

Theorem 23 If h is a value operator on R¥ x M (6)
and M is compact, then the induced set value operator
H (20) satisfies



(1) For allV € K(RS), H (V) € K(RS);
(2) H is an a-contractive on (KK(R%),dx) (19) with a
unique fized point set V* given by
HV*) =V*, V' e KR (23)
(8) The sequence {V*}pen where VFT1 = H(V¥) con-
verges to V* for any V° € K(RY).

In particular, these hold for F' (21) and G™ (22), whose
fized point sets are denoted as VB and V™, respectively.

F(VB) = VP e K(R?), G™(V™) = V™ € K(RY), Vr e IL.
(24)

PROOF. The first statement follows from Lemma 8,
since the image of a compact set by a continuous function

is compact [18]. Let us prove the second statement: for
some B € (0,1), for all, V, V" € K(R%):

dc(H(V), HV'))

=max < sup d (h(V,m),H(V")), sup d(h(V',m'),H(V))
Vey VeV’
meM m’'eM

<Bdr(V,V')

Take (V,m) € V x M, then d(h(V,m),H(V')) <
infyrey [R(V,m) — h(V',m)|| < ainfyey [V =V
holds from the a-contractive property of h. Finally,

sup d(h(V,m), H(V')) <asup inf
Vey vey VeV’

meM
<ade(V, V)

VﬁV/Hoo

We use the same technique to prove that

sup d(h(V',m'), HV)) < adx(V,V").
V,’ex/’l
m e

Finally, dc(H(V),H(V')) < adk(V,V’). From the
Banach fixed point theorem and the completeness of
(IC(RS),d;Cg [7, Thm 3.3], H has a unique fixed point
H* in K(R®).

The third point is a consequence of the Banach fixed
point theorem. Finally, f and g™ are value operators (6)
on R¥ x M, therefore this theorem’s statements ap-
ply. O

Remark 24 (Set-based value iteration) An impor-

tant consequence of Theorem 23 is the existence of the
set-based value iteration, given by

VL = H(VF), V0 e K(RY). (25)

Analogous to standard value iteration, (25) is a sequence
of value vector sets in K(R®) that converges to the fived
point set V* € IC(R?).

4 Properties of the fixed point set

For the MDP parameters (C,P), the fixed point of
h(-,C, P) is typically meaningful for the corresponding
MDP. For example, the fixed point of a policy evalua-
tion operator g™ (-, C, P) (8) is the expected cost-to-go
under policy 7, and the fixed point of the Bellman op-
erator f(-,C, P) (10) is the minimum cost-to-go when 7
can be freely chosen. In this section, we derive proper-
ties of the fixed point set V of H (20) in the context of
non-stationary value iteration.

4.1 Non-stationary value iteration

Given a value operator h on R® x M, we consider value
iteration under a dynamic parameter uncertainty model
discussed in [15], where at every iteration, a new set of
MDP parameters mF* is chosen from M as

VEHL — p(VE mb), VO e RS, mF e M,VkeN. (26)

In robust MDP literature [8, 15], m* is modified by an
adversarial opponent of the MDP decision maker such
that (26) converges to a worst-case value vector. We con-
sider a more general scenario in which mF is chosen from
the closed and bounded set M without any probabilis-
tic prior. In this scenario, convergence of V* in R will
not occur for all possible sequences of {m’“ }ken. How-
ever, we can show convergence results on the set domain
by leveraging our fixed point analysis of the set-based
operator H (20).

Proposition 25 Let V* be the fized point set of the
set-based value operator H (20) induced by h on R x
M (6). If the non-stationary value iteration (26) satis-
fies {mFlren © M, then the sequence {V*}iren defined
by (26) satisfies

(1) limg_, 4o d(VF,V*) =0,
(2) there exists a sub-sequence {V?¥)}icn that con-
verges to a point in V* as limy_,., VP*) e P*.

PROOF. Let {V¥},cn be a sequence defined by V° =
{V9} and VF+1 = H(VF), where H (20) is the set op-
erator induced by h on R® x M. We first show state-
ment 1). From Theorem 23, limy,_,, V¥ converges to V*
in dyc. Therefore, 0 < d(V*,V*) = infyeps [|[VF =y <
Supepr infyepe |z —yll, < dg(VF,V*) — 0 as k tends
to +oo.

Next, for all k € N, there exists N € N such that for all
n = N, dV",V*) < (k+ 1)1 We define the strictly



increasing function ¢; : N — N, such that 9;(0) =
0 and for all & # 0, ¢¥1(k) := min{N > ¢1(k — 1) :
Vn = N, d(V",V*) < (k + 1)71}. Then, for all k € N*,
there exists y*(¥) € V* such that ||[V¥1(*) —y¥1®)| <
(k +1)~1. As V* is compact, there exists 15 : N — N
strictly increasing such that (y¥1(¥2(k))), converges to
some y* € V* [18, Thm 3.6]. Finally, let £ > 0, there
exist K1, K2 € N such that for all [ > K7, (¢2(1))7! <

g/2 and for all I! = Ko, Hywl(wal)) —y* ’ < g/2. So,

taking k > max{Ky, Ka}, we have |[V¥1(¥2(k) — || <
HV¢1(¢2(1€)) _yd)l(wz(k))H + Hyﬂil(du(k)) _y*H < ¢ and

(Ver@20)y, converges to y* € V*.

O

In addition to containing all asymptotic behavior of
value vector trajectories under time-varying value iter-
ation, the fixed point set V also contains all fixed points
of the value operator h(-,C, P) when (C,P) € M (6)
are fixed.

Corollary 26 Let h (6) be a value operator on RS x M
where M is compact. For allm e M, if V.= h(V,m) €
RS and V* is the fived point set of the induced set-based
value operator H (20), V € V*.

PROOF. We construct sequence {V*} where VF*+1 =
(V¥ m)and V® = V. Then V¥ = V for all k € N. From
the second point of Proposition 25, V' € V* follows. []

Going further, we can bound the transient behavior
of (26) when V9 is an element of the fixed point set V*.

Corollary 27 (Transient behavior) Let V* be the
fized point of the set-based value operator H (20) induced
by h on RS x M. If M is compact and V° € V*, then
the sequence generated by (26) satisfies {V*}ren < V*.

PROOF. Asafixed point set of H (20), V* (23) satisfies
V* = H(V*), then the following is true by definition of
H:if VF e V*, then VF+! = h(VE, mF) e V. If VO e V™,
then {V¥}ren € V* follows by induction. []

Remark 28 Proposition 25 and Corollary 27 bound
the asymptotic and transient behavior of the sequence
{h(V*, m*)}ren generated from (26), regardless of the
convergence of the value vector sequence. This is a more

general result then the classic convergence results for
MDPs and robust MDPs.

Remark 29 Corollary 27 also implies that V* is in-
variant with respect to the non-stationary value itera-
tion (26), and may prove useful in the analysis and de-
sign of MDPs with known parameter uncertainties.

4.2  Bounds of the fixzed point set

In Theorem 23, the compactness of M implied the com-
pactness of V*. This relationship carries over to the
supremum and infimum elements of M and V*—i.e., if
M satisfies Assumption 9 with respect to h, then V*
contains its own supremum and infimum elements.

Greatest and least elements. We define the supre-
mum and infimum elements of a value vector set V e
KC(R?) element-wise as follows,

Vsi=sup Vs, V, = inf V,,V se[S] (27)
Vey Vey

R2 ... R2

% V? V3

Fig. 5. The greatest least bounds of three different value
function sets V' € R?, where (0,0) the origin is located on
the lower left. Note that V2 and V* contains their own great-
est and least elements, but V! does not. In V!, the coordi-
nate-wise greatest and least elements are achieved by some
element in V' but not at the same time.

If a set V < RS is compact, the projection of V on each
state s is compact. Then, the coordinate-wise supremum
and infimum values for each state s are achieved by V.
However in general, no single element of the set V may
simultaneously achieve the minimum over all states—
i.e., V(V) may not be an element of V. This is illustrated
in Figure 5.

Given h and parameter uncertainty set M, we wish to 1)
bound the supremum and infimum elements of the fixed
point set V* (23) and 2) derive sufficient conditions for
when they are elements of V*. To facilitate bounding V*,
we introduce the following bound operators.

Definition 30 (Bound Operators) The bound oper-
ators induced by the value operator h on RS x M are
coordinate-wise defined at each s € [S] as

h, (V)= inf hs(V,m), hs(V) = sup hs(V,m). (28)
meM meM

We want to bound the fixed point set V of the set-based
value operator H (20) by the bound operators h/h (28).
First we show that h/h are themselves a-contractive and
order preserving on R,



é -

2, (V)
=2 ha(V)

Fig. 6. We visualize the bound operator for H (V) for a given
value operator h on R® x M. The input set V is a singleton
{V} in R®. Here, because h, and h,are reached for two dif-
ferent parameters m € M, the resulting (V) lies outside of
the fixed point set.

Lemma 31 (a-Contraction) Ifh (6) is a value oper-
ator on RS x M and M is compact, then h and h (28)
are a-contractions with fized points X, X, respectively.

hX) =X, X,XeRS.  (29)

PROOF. From Lemma 8, h is continuous and M
is compact, then for all X,Y e R there exists
m(s) € M such that h (Y) = hs(Y,m(s)) and
hy(X) < hgs(X,m(s)). We upper-bound hy(X) — h(Y)
by hs(X,7(s)) —hs(Y,m(s)), and use the a-contraction
property of h to derive

Since X and Y are arbitrarily ordered, we con-
clude that [A(X)—-A(Y)||, < o« X =Y. The
proof for h follows a similar reasoning and takes

m(s) = sup,uen hs(X, m). The existence of X (X) fol-
lows from applying Banach’s fixed point theorem. []

Lemma 32 (Order Preservation) The bound opera-

tors h and h (28) are order-preserving on R® (Defini-
tion 3).

VU, VeRS, U<V =hU)<hV), hU)<hV).

PROOF. The lemma statement follows directly from
the fact that order preservation is conserved through
composition with inf and sup. If h(U, m) < h(V, m), then
infem (U, m) < infrep (V,m). A similar argument
follows for h(-) = sup,,epq A(-,m). O

We show that the fixed points X and X bounds the fixed
point set V* of the set-based value operator H (20).

Theorem 33 (Bounding fixed point sets) If h (6)
is a value operator on RS x M and M is compact,

X<V<X, VVe)V, (30)

where X and X (29) are the fized points of the bound
operators h and h (28), and V* is the fized point set of
the set-based value operator H (20) induced by h (6) on
RS x M.

PROOF. For V° = {X, X} and V**! = H(VF) (25),
we first show

X<V<X,VVeVk (31)

via induction. Suppose that (31) is satisfied for V*.
The order preserving property of h(-,m) implies
that h(X,m) < h(V,m) < h(X,m) holds for all
(V,m) € V¥ x M. We take the infimum and supremum

over h(X,m) and h(X,m), respectively, to show that
for all (V,m) € V¥ x M and s € [5],

inf hy(X,m') < hs(V,m) < sup hs(X,m).
m/eM m’eM

Since X and X are the fixed points of inf, e hs(-, m’)
and sup,,epq hs(-,m') for all s € [S], respectively, we
conclude that (31) holds for V*+1.

Next, we show that X and X bounds the fixed point set
V* for the h-induced operator H (20). From Lemma 44,
we know that for all V' € V*, there exists a strictly in-
creasing sequence ¢ : N — N and corresponding value
vectors {W?(™} such that lim, ., W™ = V and
W) e o) for the sequence of value vector sets gen-
erated from V° = {X, X}. Since X < W¢™ < X holds
for all n, we conclude (30) holds. [

When Assumption 9 is satisfied, the fixed point of H (20)
contains its own supremum and infimum.

Theorem 34 Ifh (6) onR® x M satisfies Assumption 9,
then there exists m,m € M such that h and h (28) and
their fized points X and X (29) satisfies

h(X) =hX,m) =X, h(X)=h(Xm)=X. (32
Additionally, X and X are the least and the greatest ele-
ments of H s fized point set V*, V*, v (27) respectively,
and both belong to V* (23).

X=V"X=V,XXeV".



PROOF. From Theorem 33, X and X are the
lower and upper bounds on the fixed point set V*.
We show that these are the infimum and supre-
mum elements of V* by showing that they are also
elements of V*. From Assumption 9, there exists
m,m € M such that hg(X,m) = min,enm hs(X, m)
and hs(X, M) = min,,ep hs(X,m) for all s € [S]. Since
X and X are fixed points of h(-,m) and h(-,m), we
apply Corollary 26 to conclude that X, X € V*. [

5 Revisiting robust MDP

We re-examine robust MDP with the set-theoretical
analysis in this section, and show that Assumption 9
generalizes the rectangularity assumption made in ro-
bust MDPs, thus enabling robust dynamic program-
ming techniques to be available to a wider class of MDP
problems and contraction operators.

Recall the optimistic value vector W° e R® and ro-
bust value vectors W” e RS of a discounted MDP
([S1,[A4], C, P,~) from [8,15] as the fixed points of the
following operators.

W? = mi i (We,C,P),Y S 33
= mip  omin gi(W?,C,P),Vse[S]  (33)
+ = min max ¢"(W",C,P),Vse[S] (34)

Ts€Aa (C,P)eM
The optimistic policy 7° and robust policy " are the
optimal policies corresponding to (33) and (34), respec-
tively.

7(? € argmin min ;‘r W O, C,l ,VS € S 35
.,rngAA (C,P)em g ( ) [ ] ( )
ﬂr € a IIl'Il max T WT C P VS € S 36
S ;;ge IA (C,P)EMgS( ? J )7 S [ ] ( )

For readability, we denote the policy evaluation operator
under 7° as ¢° and the policy evaluation operator under
" as g".

When M is (s, a)-rectangular (16), the set of policies sat-
isfying (35) and (36) are non-empty and includes deter-
ministic policies [8, Thm 3.1]. When M is s-rectangular
and convex, the set of policies satisfying (36) is non-
empty but may be mixed [24, Thm 4]. When M is con-
vex, we show that policies (35) and (36) exist.

Proposition 35 If the MDP parameter set M is com-
pact and convex, then

(1) We (33) and W™ (34) exist and satisfy f(W") =
Wr, f(W°) = W, where f and f (28) are the

bound operators of the Bellman operator (10).
(2) w° (35) and 7" (36) exist.

10

PROOF. Recall the Bellman operator f (6). When
M x Ay is compact, the formulation of the fixed point
of f (28) is equivalently given by

J(X) = jmin  min g7(X,C,P), Vse [S]-

(37)
We note that (37) is identical to the formulation of
We (33). Therefore, W° = X is the fixed point of f.
When M is compact, W° exists due to Lemma 3I.
From (35), ¢ is the optimal argument of g™ (W?, C, P),
a continuous function in 74, C', P minimized over com-
pact sets Ay x M for all s € [S]. Therefore 72 exists.
Since 7° = (n{,..., %), the optimal 7° € II exists.

For the robust scenario: when M is compact, the fixed
point of f (28), X, exists from Lemma 31 and is given by

X, = max min ¢g7(X,C,P), Vse[S].

(38)
(C,P)eM ms€A4

The function g7 (X, C, P) is concave in (C, P) and con-
vex in 7. If M is convex, then we apply the minimax
theorem [14] to switch the order of min and max in (38)
to derive

X,= min max ¢7(X,C,P), Vse[S].

(39)
ms€A A (C,P)eEM

Equation (39) is identical to (34), therefore W” = X and
exists by Lemma 31. In (39), max pjesm 95 (X, C, P)
is piece-wise linear in w4 and A 4 is compact for all s €
[S], thus argmin, A, maxc pyer 95 (X, C, P) is non-
empty. Finally since 7" = (n],...,7g), 7" exists. [J
Remark 36 Since max(c pyesm 9% (X, C, P) is piece-
wise linear in mg, the optimal . s mized policy in
general. This is consistent with the results in [24].

Proposition 35 generalizes the results from [24] to show
that (34) exists when M is compact and convex instead
of s-rectangular and convex. From Theorem 33, W¢ and
W bound of the fixed point sets of the 7° and 7". They
become infimum and supremum elements when M sat-
isfies Assumption 9 with respect to g° and g". We ex-
plicitly derive this result next. First, we introduce some
notations: let G° = G™, the fixed point of G° be V°,
G" = G™, and the fixed point of G” be V".

Ve ={¢9°(V,C,P) | (C,P)e M,V e V°}, (40)

V' =g (V,C,P) | (C.P)e M,V EV'}.  (41)
Additionally, the supremum elements of V° and V" are
V’and V' respectively and the infimum elements are
V? and V", respectively.

Vi =

—S

min V,, V, = max V,, Vs € [9].

42
Veyr VeV, ( )



V¢ = min V,, VZ = max Vg, Vs e [5]. (43)
Veye

Veye
We compare these with the fixed point set of the Bellman
operator, VB = {min, ¢"(V,C,P) | (C,P) € M,V €

VB} (23), denoted by ¥ and V5 as

VB = min [V],, VL =

. = max Vi, Vse[S].
VevEB

VeyB (44)

Our next result proves the relationship between
—B —0 —

VB ve v, V7, V°, V" when f,¢° and g" on RS x M

satisfy Assumption 9.

Theorem 37 If f, ¢°, g" satisfy Assumption 9 on RS x
M, then the bounding elements (43) (42) (44) of the
corresponding fized point sets VB, V° (40) and V" (41)
are ordered as

{0}

VB vy V=V <V (45)

PROOF. Since V° is the infimum element for the fixed

point set V° (43), we can apply Theorem 34 to derive
V? =min pyer 9°(V°, C, P). (46)

By definition of 7, (35), minc pyesm 9°(V, C, P) =

min ¢, pyeap Mingerr " (V°, C, P). As the two minima
commute,

min g°(V°,

C,P)=
(C,P)eM

min ming™(V°,C, P).
(C,P)eM mell
(47)

Combining (46) and (47), V° is exactly the unique fixed
point of min¢ pyep Mingen g7 (-, C, P). However, by ap-
plying Theorem 34 to f on RS x M, VB is also the unique
fixed point of min (¢, pyepq mingerr g7 (-, C, P). Therefore
ve=vP.

From (42), V" = min(¢ pyerr 9" (V", C, P), we can min-
imize over the policy space to lower bound V" as

V">min min ¢"(V",C,P).
mell (C,P)eM

(48)
Since the right hand side of (48) is equivalent to
f(V7), (48) is equivalent to V" > f(V"). From
Lemma 32, f is order-preserving in V', we conclude that
Ve=vr<Vvn

From Theorem 34, V' is the fixed point of g7, such that

V' = max ¢"(V',C,P).

49
(C,P)eM (49)

We apply min, to both sides of (49) and use the def-

inition of m, to derive that V' is the fixed point of

11

mingerr max o, pyeam 9" (V", C, P). From Assumption 9,
there exists (C, P) € M that maximizes g™ (V, C, P), so
V" equivalently satisfies
V= ming“(vr,é, P).
mell
From Corollary 26, this implies that V" € VB and there-
fore V' < B?B. Next we show VB < V'. From ghe—
orem 34, V' is the fixed point of f, such that V= =

maxc, pye s Ming g™ (VB, C, P), From the min-max in-
equality,

V" <min max g”(VB,C,P).
well (C,P)eM

Since 7, € 11,

—B

<

< max gT(VB, C, P).

50
(C,P)eM (50)

The right-hand side of (50) is g" (V") (28), such that (50)
is equivalent to 7P < g (VB). We consider the sequence

VE+L = g7(V*) where V! = V. Since 7" is a con-
traction, limy_,, V¥ = V", the fixed point of g". From
Lemma 32, g" is order preserving. Therefore VP oyt <
vr.

Finally, Theorem 34 implies that V° is the fixed point
of g°: V° = maxc, pyem gO(VO, C, P). By construction,
V° > mingen maxc,pyem 9" (VO, C, P). From the min-
max inequality,

. ¥50
min max ¢"(V,

C,P)> max ming™(V’,C,P),
well (C,P)eM

(C,P)eM mell

such that the right hand side of the inequality is equiv-
alent to f(V°). Following the monotonicity properties
of the Bellman operator f [17, Thm.6.2.2], we conclude

that V2 = V", O

Remark 38 Through our fixed-point analysis, we see
that in addition to having the best worst-case performance
among {V°,VE V"} V" also has the smallest variation
in performance for the same uncertainty set M.

Finally, we generalize the s-rectangularity condition by
showing that the optimistic and robust policies exist
when the MDP parameter set M satisfies Assumption 9.

Corollary 39 (Robust MDP under Assumption 9)
If M is compact and convex, and f,g°, g" satisfy As-
sumption 9 on RS x M, then W° (33) and W™ (34)
are the infimum and supremum value vectors for the
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Fig. 7. Illustration of Theorem 37. The purple, green, blue
regions indicate the ranges of V", V°, and V2, respectively.

policy evaluation operator under ©° (35) and 7" (36),
respectively.

W? = inf [V],, W, =

Jnf, T = sup [V]s, Vse[S],

Vveyr

(51)

where V° (40) and V" (41) are the fized point sets of poli-
cies ° and " under parameter uncertainty M, respec-
tively.

PROOF. When f satisfies Assumption 9 on R® x M,

Theorem 34 shows that V2 = We, VB =Wr. If f,¢°,
and ¢" also satisfies Assumption 9 on R® x M, then we
apply Theorem 37 to derive W° = V° and W™ = V"
This proves the corollary statement. []

Remark 40 When Assumption 9 is not satisfied, W°
and W7 still bound V° and V. This result is also stated

in [24].

6 Value iteration for fixed point set computa-
tion

In the previous sections, we proved the existence of a
fixed point set for value operators with compact param-
eter uncertainty sets and re-interpreted robust control
through our techniques. Next, we derive an iterative al-
gorithm for computing the bounds of the fixed point set
V given a value operator h and parameter uncertainty

set M.

Algorithm Sketch. Based on the set-based value it-
eration (25), we iteratively find the one-step bounds of
H(V¥) to converge the bounds of the fixed point set.

For any compact set V € IC(R®), the one step bounds of
H (V) are equivalent to the one-step output of the bound
operators h and h (28) applied to the extremal points of

Theorem 41 (One step H bounds) Consider a set

operator H (20) and its bound operators h and h (28)
induced by h on RS x M (6). For a compact set V < R,
H(V) is bounded by h(V) and h(V) (28) as

MV)<SV <hWV), YV eHV). (52)

12

where V_and V' (27) are the extremal elements of V. If h
satisfies Assumption 9 on RS x M and V.,V €V, then
h(V) and h(V') are the supremum and infimum elements
of H(V), respectively— for all s € [S], hy(V) and hs(V)
satisfy

inf

hs(V,
(V,m)EVx M

m), hs(V) = sup
(V,m)eyxM

(53)

PROOF. For all s € [S], hs(V,m) < hy(V) for all m €
M. If his K (V)-Lipschitz and a-contractions in M, then
E is order-preserving (Lemma 32) such that hs(V) <
hs(V) for all V € V. We conclude that

h(V,m) < h(V), Y(V,m) eV x M. (54)
Since h is an upper bound, and sup is the least upper
bound, it holds that supy, ., [h(V,m)]s < h(V). We use
the definition of H (V) (20) to conclude that V < h(V)
for all V e H(V). The inequality h(V) < V VV € H(V)
can be similarly proved.

If h satisfies Assumption 9 on RS x M and V.,V € V,
Assumption 9 states that there exists m € M such that
h(V,m) = h(V). Therefore, h(V) € H(V). Since h(V)
also lower bounds all the elements of H(V), it is the
infimum element of H (V). The fact that the greatest
element of H(V) is h(V) can be similarly proved. []

Based on Theorem 41, we propose the following bound
approximation algorithm of the fixed point set V* (23)
for a set-valued operator H (6).

Algorithm 1 Bound approximation of the fixed point
set V

Input: C, P, VY €

Output: V, V
1: KO = VO = VO
2: 0 = 17—76
5
3: while ﬁek > edo
4 VE = mingen ho(VF,m),  Vse[S]
5: VISCH = maXmem P (Vk, m), Vse [S
6: ektl — max{ vk _ykl 7 H }
7: k=k+1
8: end while
6.1 Computing one-step optimal parameters

Algorithm 1 is stated for a general MDP parameter set
M and does not specify how to compute lines 4 and 5.
Here we discuss solution methods for different shapes of

M.

hs(V,m).



(1) Finite M.If M = {mq,...,my}is aset with finite
number of elements, we can directly compute line 4
as

L min{hs(zk,mi) |i= {1,...,N}}. (55)

For line 5, we replace min with max in (55).

Convex M. When M is a convex set, the computa-
tion depends on h. If h = g™ is the policy operator,
lines 4 and 5 can be solved as convex optimization
problems. If h is the Bellman operator f, lines 4
and 5 take on min-max formulation and is NP-hard
to solve in the general form [24]. When M can be
characterized by an ellipsoidal set of parameters,
the solutions to lines 4 and 5 is given in [24].

We recall the stochastic path planning problem from Ex-
ample 17 with the two different parameter uncertainty
scenarios. When the wind field uncertainty is discrete,
M is finite, when wind field is a combination of the ma-
jor wind trends, M is convex.

6.2 Algorithm Convergence Rate

When lines 4 and 5 are solvable, Algorithm 1 asymptot-
ically converges to approximations of the bounding ele-
ments of V*. If M satisfies Assumption 9 with respect
to h, Algorithm 1 derives the exact bounds of V. Al-
gorithm 1 has similar rates of convergence in Hausdorff
distance as standard value iteration using h on R¥.

Theorem 42 Consider the value operator h, compact
uncertainty set M, and the fived point set V* of the set-
based operator H (20) induced by h on R® x M. If M
satisfies Assumption 9 with respect to h, then at each
iteration k,

—k+1
\%4

)

sz-ﬁ-l _ K*

gaHKk_K*

_VH<aW*_V

where all norms are infinity norms, and K*,V* are the
infimum and supremum bounds of V, respectively. At Al-

. . . —k .
gorithm 1’s termination, vVEV satisfies

maX{HKk -V (57)

wwk_VW}<e

PROOF. From Algorithm 1, V"' = A(V"). From

—k+1 —x
We can then use HV * -V

bound (58) as HV’C—V*

< a7 -7 t0

—k —k+1
1
< 1o HV -V

<

A similar argument can show that sz e
ﬁ vk yktt H When Algorithm 1’s while condition

vk _y* } < e. This

)

is satisfied, max{ HV’“ -V

concludes our proof.

In particular, the Bellman operator f and policy opera-
tor g™ are v-contractive on R, where v is the discount
factor, therefore Theorem 41 applies with o = .

Remark 43 Theorem 42 implies that at the termina-
tion of Algorithm 1, the fized point set V* can be over-
approximated by

k+1

*
V* S Vapproz := s

H [K];-H - E,V

se[S]

+ €],

where k is the last iterate before Algorithm 1 terminates.

7 Path Planning in Time-varying Wind Fields

We apply set-based value iteration to wind-assisted
probabilistic path planning of a balloon in strong, uncer-
tain wind fields [25]. MDP as a model for wind-assisted
path planning of balloons in the stratosphere and ex-
oplanets has recently gained traction [2, 25]. Discrete
state-action MDPs have been shown to be a viable high-
level path planning model [25] for such applications.

Mission Objective. In the two dimensional wind-field,
we assume that the wind-assisted balloon is tasked with
reaching target state (8,8) in Figure 8 using minimum
uel.

*
)

Uncertain Wind Fields. By collecting a set of wind
data on the environment’s wind field, an MDP can be
created and a policy that handles stochastic planning
can be deployed. However, wind can be a time-varying
factor that causes the expected optimal policy to have
worse-than-expected worst-case performance. We built
an ideal uncertain wind field to demonstrate how the set
Bellman operator can be used to predict the best and
worst-case behavior of a robust policy.

Lemma 31, h is an a-contraction. We obtain HV’““ -~V H <
—k = . . MDP Modeling Assumptions. Following the frame-
@ HV -V H and note that (56) holds by induction. work described in [25], we model the path planning prob-
Next, we apply triangle inequality to HV’C _V*‘ to le.m in an uncertalr.l Wln.d field as an 1n.ﬁnlte' horizon,
deri discounted MDP with discrete state-actions in a two-
erive dimensional space. While balloons typically traverse in
k —k —ka1 kil —x three dimensions, we assume that the wind is consistent
HV -V < HV -V H + HV -V (58) in the vertical direction and that the final target is any
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vertical position along the given two-dimensional coor-
dinates. As a result, we can disregard the vertical posi-
tion during planning.

(0, 0) (8, 0)
Uncertain Wind A
[A]
Gusty < »
Wind - ”
Calm wind Y
(0, 8) (8, 8)

(a) Wind field traversed
by the balloon,
discretized into 81
states.

(b) At each state, 9
actions corresponding
to different thrust
vectors are available.

Fig. 8.

States. A total of 81 states represent the two-
dimensional space, composed of three different regions
characterized by their wind variability as shown in
Figure 8.

(1) Calm wind. In calm states Seqim, the wind magni-
tude varies uniformly between [0, 0.5], and the wind
direction is uniformly sampled between [0,27].
Seatm = {(1,7) | (0,0) < (4,j) < (2,8), (6,0) <
(i) < (8,8)}.

Gusty wind. In states with gusts Sgysty, wind
magnitude is consistently 1, while the wind direc-
tion is uniformly sampled between [0, 27]. Sgysty =
{(i,4) | (3,3) < (4,5) < (6,6)}.

Unreliable wind. In unreliable states Sy reliabie, &
predictable wind front occasionally moves across an
otherwise windless region. In other words, the wind
magnitude is either 0 or 1 and the wind direction
varies uniformly between [7/4, 7/2].

Actions. The balloon is equipped with an actuator that
provides a constant thrust of 1 in 8 discretized direc-
tions shown in Figure 8b. The the only stationary ac-
tion vector with zero magnitude is highlighted in blue in
the center of Figure 8b. We assume that the actuation
force is enough to move the balloon across one state in
wind with magnitude < 0.5, and is otherwise not strong
enough to overcome wind effects.

Transition Probabilities. The transition probabilities
in Scatm and Sgysty are certain. At each state s, we con-
sider the following neighboring states.

(1) N (s): all 8 neighboring states of state s.

(2) N(s,a,0): the neighboring state of s in the direction
of a.

(3) N(s,a,1): the neighboring state of s in the direc-
tion of a plus the two adjacent states as shown in
Figure 9a.
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Fig. 9. Transition probabilities for the three different wind
regions.

(4) N(s,a,?2): the up and upper-right neighbors of s,
as shown in Figure 9b.

In the calm wind region, the transition probabilities are
given by

1 /
——, s’ eMN(s,5a,l
Psa,s’ = N(s,a,1) ( ) ) Vse [Scalm]-
0 otherwise
(59)
In the gusty wind region, the transition probabilities are
given by

1 /
=, 8 eN(s)
Py, o =4{ NG .V s € [Sousty], Vacel[Al.
' {0 otherwise [Sgustu] 4]
(60)
In the unreliable wind region, the transition probabilities
vary between transition dynamics P} and P2.

1, s eN(s,a,0
Py = {0 Otherw(ise ) vse [Sgusty], ¥ a € [A].
(61)
0.5, s'eN(s,a,2)
2 _ ) s Ly
Pras = {0 otherwise V5 € [Squsty], Va € [A].

(62)
Collectively, P! and P? collectively form the uncertainty
set Py C Ag‘ defined at each state.

P, ={P!, |ie{l1,2},ae[A]}, Vs € [Sunretiavic]- (63)

Cost. We define the following state-action cost to
achieve the mission objective: at each state-action, the
cost is the sum of the current distance from target posi-
tion sarg = (8,8), as well as the fuel expended by given
action.

C((i, ), @) = 4/ (6 = targ[O)? + (J — s1arg [11)2+1 [l -

We take a = 1 for all actions except for the staying still
action, where a = 0.



7.1 Bellman, optimistic policy, and robust policy

We first compute the optimistic and robust bounds of
the MDP with parameter uncertainty in P when s €
[Sunretiabie] by running Algorithm 1. The results are
shown in Figure 10.
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(a) Optimistic case with
expected objective of 54.2

(b) Robust case with
expected objective of 96.7.

Fig. 10.

We denote the optimistic policy as 7#° and the robust
policy as 7", and derive the bounds of their respective
value vector sets V° (40) and V" (41) using Algorithm 1.
The output is compared against the bounds of the set-
based Bellman operator’s fixed point set V* in Table 1.

Set  Maximum value Minimum value
V* 70.61 62.25
Ve 101.58 62.25
1% 70.63 70.52

Table 1
Bellman, optimistic policy, robust policy value bounds of the
uncertain wind field.

Time-varying wind field Next, we consider a time-
varying wind field: at each time step k, the transition
probability P* is chosen at random from P (63). In this
time-varying wind field, we compare three different pol-
icy deployments: 1) stationary optimistic policy m° as
policy operator g° (40), 2) stationary robust policy 7"
as policy operator g” (41), and 3) dynamically changing
policy that is optimal for the MDP ([S], [A], P*,C,~)
as f (10). These three different policy deployments are
given by

VERL = go(VF, C, PF), (64)
VEHL = g (VF,C, P), (65)
VkJrl = f(vka Ca Pk) (66)

The resulting cost-to-go at state sorig = [0,0] is plot-
ted in Figure 11. Here, we see that the optimistic pol-
icy deployment (64) has the greatest variation in value
over the course of 50 MDP time steps. Both the robust
policy deployment (65) and the dynamically changing
policy deployment (66) achieve better upper-bound at
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each MDP iteration. The dynamically changing policy
deployment (66) achieves less than 70 in cost-to-go on
average, which is the best among all three deployments.
As we discussed in Remark 38, the robust policy deploy-
ment has the smallest variance in value in the presence
of wind uncertainty, achieving a value difference of less
than 0.1.

Sampled solutions. We can compute a sampled MDP
model based on 50 samples of wind vectors for each state.
Based on these samples, we add the action vector and
compute the statistical distribution of state transitions.
We then compute the value of these stationary sampled
MDPs, and compare 9 randomly selected states’ values.
The resulting scatter plot is shown in Figure 12.

8 Conclusion

In this paper, we categorized a class of operators uti-
lized to solve Markov decision processes as value oper-
ators and lifted their input space from vectors to com-
pact sets of vectors. We showed using fixed point analy-
sis that the set extensions of value operators have fixed
point sets which remain invariant given a compact set of
MDP parameter uncertainties. These sets were applied
to robust dynamic programming to further enrich exist-
ing results and generalize the k-rectangularity assump-
tion for robust MDPs. Finally, we applied our results to
a path planning problem for time-varying wind fields.
For future work, we plan on applying set-based value
operators to stochastic games in the presence of unco-
ordinated players such as humans, as well as applying
value operators to reinforcement learning to synthesize
robust learning algorithms.

References

[1] Wesam H Al-Sabban, Luis F Gonzalez, and Ryan N Smith.
Wind-energy based path planning for unmanned aerial
vehicles using markov decision processes. In 2013 IEEE

International Conference on Robotics and Automation, pages
784-789. IEEE, 2013.

[2] Marc G Bellemare, Salvatore Candido, Pablo Samuel
Castro, Jun Gong, Marlos C Machado, Subhodeep Moitra,
Sameera S Ponda, and Ziyu Wang. Autonomous navigation of
stratospheric balloons using reinforcement learning. Nature,
588(7836):77-82, 2020.

[3] Marc G Bellemare, Georg Ostrovski, Arthur Guez, Philip
Thomas, and Rémi Munos. Increasing the action gap: New
operators for reinforcement learning. In Proceedings of the
AAAI Conference on Artificial Intelligence, volume 30, 2016.

Prashant Doshi, Richard Goodwin, Rama Akkiraju, and
Kunal Verma. Dynamic workflow composition: Using markov
decision processes. International Journal of Web Services
Research (IJWSR), 2(1):1-17, 2005.

[5] Robert Givan, Sonia Leach, and Thomas Dean. Bounded-
parameter markov decision processes. Artificial Intelligence,
122(1-2):71-109, 2000.

(4]



100

90

value

20

optimistic upper bound
optimistic lower bound

0 10 20 30 10 50

(a) Optimistic Policy with V°’s bounding values.

T0.65

T0.60

value

70.55 robust upper bound

robust lower bound

10 20 30 10 50

(b) Robust Policy with V"’s bounding values.

. e,

68
E bellman upper bound
= 66 bellman lower bound
64
62

(¢) Dynamically changing policy with Vs
bounding values.

Fig. 11. Comparison of robust policy, optimistic policy, and
Bellman policy’s value trajectories in time-varying wind
fields. Center blue line is the average over 50 trials. The
shaded blue region denotes the standard variation. The top
and bottom lines are the supremum and infimum values of
the fixed points.

[6] Vineet Goyal and Julien Grand-Clement. Robust markov
decision processes: Beyond rectangularity. Mathematics of
Operations Research, 2022.

[7] Jeff Henrikson. Completeness and total boundedness of

the hausdorff metric. In MIT Undergraduate Journal of
Mathematics. Citeseer, 1999.

16

cost to go

Fig. 12. Comparison of different optimal value vectors under
the Bellman operator for 50 randomly sampled MDPs. On
the x-axis, the state number is computed as ¢ x 9 + j.

[8] Garud N Iyengar. Robust dynamic programming.
Mathematics of Operations Research, 30(2):257-280, 2005.
[9] Aviral Kumar, Aurick Zhou, George Tucker, and Sergey

Levine. Conservative g-learning for offline reinforcement
learning. Advances in Neural Information Processing
Systems, 33:1179-1191, 2020.

[10] Erwan Lecarpentier and Emmanuel Rachelson. Non-
stationary markov decision processes, a worst-case approach
using model-based reinforcement learning. Advances in
neural information processing systems, 32, 2019.

[11] Sarah HQ Li, Assalé Adjé, Pierre-Loic Garoche, and Behget
Acgikmese. Bounding fixed points of set-based bellman
operator and nash equilibria of stochastic games. arXiv
preprint arXiv:2001.07889, 2020.

[12] Shie Mannor, Ofir Mebel, and Huan Xu. Robust mdps
with k-rectangular uncertainty. Mathematics of Operations
Research, 41(4):1484-1509, 2016.

[13] Francisco S Melo. Convergence of g-learning: A simple proof.
Institute Of Systems and Robotics, Tech. Rep, pages 1-4,
2001.

[14] J v Neumann. Zur theorie der gesellschaftsspiele.
Mathematische annalen, 100(1):295-320, 1928.

[15] Arnab Nilim and Laurent El Ghaoui. Robust control of
markov decision processes with uncertain transition matrices.
Operations Research, 53(5):780-798, 2005.

[16] Sindhu Padakandla, Prabuchandran KJ, and Shalabh
Bhatnagar. Reinforcement learning algorithm for non-
stationary environments. Applied Intelligence, 50(11):3590—
3606, 2020.

[17] Martin L Puterman. Markov Decision Processes.: Discrete
Stochastic Dynamic Programming. John Wiley & Sons, 2014.

(18] Walter Rudin et al. Principles of mathematical analysis,
volume 3. McGraw-hill New York, 1964.

[19] Bernd SW Schroder. Ordered sets. Springer, 29:30, 2003.

[20] Csaba Szepesvari and Michael L Littman. A unified analysis
of value-function-based reinforcement-learning algorithms.
Neural computation, 11(8):2017-2060, 1999.

[21] Gerald Tesauro et al. Temporal difference learning and td-
gammon. Communications of the ACM, 38(3):58-68, 1995.

[22] Herke Van Hoof, Tucker Hermans, Gerhard Neumann, and
Jan Peters. Learning robot in-hand manipulation with tactile
features. In 2015 IEEE-RAS 15th International Conference
on Humanotd Robots (Humanoids), pages 121-127. IEEE,
2015.

[23] Christopher JCH Watkins and Peter Dayan.
Machine learning, 8(3):279-292, 1992.

Q-learning.



[24] Wolfram Wiesemann, Daniel Kuhn, and Ber¢ Rustem.
Robust markov decision processes. Mathematics of
Operations Research, 38(1):153-183, 2013.

[25] Michael T Wolf, Lars Blackmore, Yoshiaki Kuwata, Nanaz
Fathpour, Alberto Elfes, and Claire Newman. Probabilistic
motion planning of balloons in strong, uncertain wind fields.
In 2010 IEEE International Conference on Robotics and
Automation, pages 1123-1129. IEEE, 2010.

[26] Insoon Yang. A convex optimization approach to
distributionally robust markov decision processes with
wasserstein distance. IEEFE control systems letters, 1(1):164—
169, 2017.

Lemma 44 Let {V,,} < K(R®) be a converging sequence
for dic with V,, - V asn — . For all V € V, there
exists a converging subsequence {V?(™M}, cn whose limit
is V for |||

PROOF. Let V € V. We can define the strictly in-
creasing function ¢ on N as follows: ¢(0) := 0 and
for all n € N, p(n + 1) := min{j > p(n) | IVI €
VI ||V = Vi|| = d(V,V?) < (n + 1)"'}. Finally, as for
all n € N*, |V —-VeW| < (p(n) + 1)7%, the result
holds. []

17



